We show that representation embeddings between categories of representations of finite-dimensional algebras induce embeddings of lattices of pp formulas and hence are non-decreasing on Krull-Gabriel dimension and uniserial dimension. A consequence is that the category of representations of any wild finite-dimensional algebra has width ∞ and hence, if the algebra is countable, there a superdecomposable pure-injective representation.
Theorem 1.1. Suppose that F : Mod-S → Mod-R is an additive, right exact functor which commutes with direct sums (equivalently, is additive and has a right adjoint). Then F is isomorphic to the functor − ⊗ S (F S) R .
If F is exact then F S must be flat as a left S-module.
We are particularly interested in the case that R and S are finitedimensional algebras and that − ⊗ S B R : Mod-S → Mod-R is a representation embedding, meaning that − ⊗ B is exact and restricts to a functor mod-S → mod-R and this restricted functor preserves indecomposability and reflects isomorphism. The intuition behind this definition is that it indicates that the category of (finite-dimensional) R-modules is at least as complex, in the sense of obtaining some classification of modules, as that of (finite-dimensional) S-modules. One might expect, or even conjecture, that this particular meaning of "complexity" will correspond to other ways of measuring the complexity of an abelian category. Our results support this expectation, and give a partial answer to a long-standing conjecture of the second author ( [7, p. 350] ) that "wild implies undecidable". This conjecture has been proved for strictly wild (and somewhat more general, [9] ) algebras and has been verified in many particular cases, both within and outwith the context of finite-dimensional algebras (see [11, p. 651ff.] for a relatively recent summary and references); here we prove it for controlled wild algebras. Our results on non-decreasing complexity apply to any dimension which can be defined in terms of the lattice of pp formulas, equivalently, to any dimension which can be defined in terms of successive localisations of functor categories (mod-R, Ab)
fp (the category of finitely presented additive functors from the category, mod-R of finitely presented R-modules to the category, Ab, of abelian groups).
In Section 2 we show that a representation embedding induces an embedding of pp-lattices, hence these functors are non-decreasing on dimensions as above. The method that we use there is very explicit, though we will see, in Section 3, that using deeper results from the general theory allows a faster proof. In Section 4 we show that finitely controlled representation embeddings are reversible; this allows us to conclude that over any finitely controlled wild algebra the theory of modules interprets the word problem for groups, hence is undecidable.
Throughout, k is a field, all algebras are k-algebras, all functors are assumed to be additive and, where it makes sense, k-linear (so we could as well write (mod-R, Mod-k) fp in place of the equivalent category (mod-R, Ab) fp ).
Lattice embeddings
We will express the results here using the language and techniques of pp formulas (in n free variables) for R-modules and the lattice, pp n R , that they form. There are many sources that explain this, for instance [11] . We recall that pp n R is naturally isomorphic to the lattice of finitely generated subfunctors of the n-th power, (R n , −), of the forgetful functor from mod-R to Ab ([11, 10.2.33]); then 2.1 below may be restated as: a representation embedding Mod-S → Mod-R induces an embedding from the lattice of finitely generated subfunctors of (S, −) to that of (R n , −) for a suitable n.
Suppose that R and S are rings and that − ⊗ S B R : Mod-S → Mod-R sends finitely presented S-modules to finitely presented Rmodules (equivalently B R is finitely presented). Choose a finite tuple t = (t 1 , . . . , t n ) from B which generates the module B R . We use this tuple to define a map β : pp 1 S → pp n R , where n is the length of t, as follows.
Given ϕ ∈ pp 1 S choose a free realisation (C, c) of ϕ; that is, C is finitely presented and the pp-type of c in C is generated by ϕ (e.g., see [11, §1.2.2] ). Consider the tuple c ⊗ t = (c ⊗ t 1 , . . . , c ⊗ t n ) from C ⊗ B: this module is finitely presented over R so we define βϕ = β t ϕ to be any pp formula in pp n R which generates the pp-type of c ⊗ t in C ⊗ B. The choice of formula is not unique but, up to equivalence on R-modules, that is, up to equality in pp n R , it is. So this map β is well-defined, given (C, c).
This map also is independent of choice of free realisation of ϕ since, if (D, d) is another free realisation of ϕ, then there are morphisms f : C → D and g : D → C such that gf c = c and f gd = d so then, applying −⊗B, we obtain morphisms
The above construction is based on Harland's explicit proofs on the effect of tilting functors -these are interpretation functors -in [2, §4.7.1].
Recall that a ring is said to be Krull-Schmidt if every finitely presented (right or left -it makes no difference) module is a finite direct sum of indecomposable modules, each with local endomorphism ring; so the isomorphism types of these summands, including their multiplicities, are uniquely determined. Theorem 2.1. Let S B R be such that B R is finitely presented. Choose a finite generating (n-)tuple t for B R . Then the induced map β t : pp 1 S → pp n R is a homomorphism of lattices. If R, S are Krull-Schmidt and − ⊗ S B R is a representation embedding, then β t is an embedding of lattices.
Proof. The map β is order-preserving since, if ψ ≤ ϕ are pp formulas with respective free realisations (C ψ , c ψ ) and (C ϕ , c ϕ ), then ([11,
and so βϕ ≤ βψ.
The map β preserves the lattice operation + (that is, sup): take ϕ, ψ ∈ pp 1 S ; then, with notation as above, (C ϕ ⊕ C ψ , (c ϕ , c ψ )) is a free realisation of ϕ + ψ ([11, 1.2.27]). By definition β(ϕ + ψ) is a generator of
which is generated by βϕ + βψ. The map β preserves the lattice operation ∧ (that is, inf): with notation as above, consider the pushout
where by the map c ϕ we mean that which takes 1 S to c ϕ and similarly for c ψ . Recall ([11, 1.2.28]) that (C ϕ∧ψ , c), where c = f c ϕ = gc ψ , is, as the notation indicates, a free realisation of ϕ ∧ ψ. Since the functor − ⊗ B is a left adjoint, so preserves colimits, the diagram
is a pushout in mod-R. Since morphisms preserve pp formulas, both βϕ and βψ, and hence βϕ∧βψ, are in pp C ϕ∧ψ ⊗B (c⊗t), which is, by definition, generated by β(ϕ ∧ ψ). Therefore βϕ ∧ βψ ≥ β(ϕ ∧ ψ). We now show the reverse inequality. Enlarge the above diagram as shown below where, if t = (t 1 , . . . , t n ), then t also denotes the morphism, which by assumption is a surjection, which takes e i = (0, . . . , 1, 0, . . . , 0) (1 in the ith position) to t i and where P together with k, h, is the pushout
and so (P, p) is a free realisation of βϕ ∧ βψ. Since the morphism t is surjective we have h · c ϕ ⊗ 1 B = k · c ψ ⊗ 1 B , so there is a morphism l as shown. Since l(c ⊗ t) = p we conclude that β(ϕ ∧ ψ) ≥ βϕ ∧ βψ, as required.
That shows that we always have a lattice homomorphism. Now suppose that the functor − ⊗ B is a representation embedding and that both R and S are Krull-Schmidt. We must show that if ϕ > ψ in pp 1 S then βϕ > βψ. First we deal with the case that C ϕ is indecomposable. Choose a morphism f : C ϕ → C ψ with f c ϕ = c ψ . If we had βϕ = βψ then f ⊗1 B : C ϕ ⊗B → C ψ ⊗B would, by assumption, be pp-type-preserving, so there would be h :
is an automorphism of C ϕ ⊗B and hence f ⊗1 B is a split embedding. Decompose C ψ as a direct sum, C 1 ⊕ · · · ⊕ C m , of indecomposables, decomposing c ψ and hence ([11, 1.2.27]) ψ accordingly, say ψ = ψ 1 + · · · + ψ m . Since ϕ > ψ, also ϕ > ψ i for each i. By hypothesis, and using the alreadyestablished properties of β, we have βϕ = βψ = i βψ i . Since −⊗B is a representation embedding C ϕ ⊗ B is indecomposable and hence ([11, 1.2.32]) βϕ is +-irreducible in the lattice pp n R , so βϕ = βψ i for some i. Replacing our original choice of ψ by this ψ i we may, therefore, without loss of generality, suppose that C ψ also is indecomposable. Therefore f ⊗ 1 B is actually an isomorphism. So, since − ⊗ B is a representation embedding and therefore exact and faithful, f is an isomorphism.
For the general case, decompose C ϕ and hence ϕ: say ϕ = ϕ 1 + · · · + ϕ p with each ϕ i irreducible. Some ϕ i , say ϕ 1 , is not contained in ψ, so we have ϕ 1 > ϕ 1 ∧ ψ. By the case just dealt with we must have
Corollary 2.2. Suppose that R and S are Krull-Schmidt rings and there is a representation embedding from Mod-S to Mod-R. If the Krull-Gabriel dimension of R is defined, then KG(S) ≤ KG(R). Similarly for width and uniserial dimension (for these dimensions, see [11, § §7, 13] ). Corollary 2.3. Suppose that R and S are Krull-Schmidt rings and there is a representation embedding from Mod-S to Mod-R. If the width of S is undefined then so is that of R.
Since the width of the lattice of pp formulas for the archetypal wild algebra k X, Y , as well as its finite-dimensional avatars such as k • ( ( / / 6 6 • , is undefined (e.g. [11, 7.3 .27]), we get the next result, where the second statement follows from a result of Ziegler ([16, 7.8 
(2)]).
Corollary 2.4. If R is a finite-dimensional algebra of wild representation type then the width of the lattice of pp formulas for R-modules is undefined. In particular if R is countable then there will be a superdecomposable pure-injective module.
Interpretation functors give homomorphisms between pp-lattices
Let A be an abelian category and A an object of A. Recall that a subobject of A is an equivalence class of monomorphisms i : X → A under the equivalence relation: i : X → A is equivalent to j : Y → A if and only if there is an isomorphism g : X → Y such that i = jg. The collection of subobjects Sub(A) of A is ordered by i :
For abelian categories, the collection of subobjects of an object has a meet given by pullback and a join given by pushout. For skeletally small abelian categories this is a set and hence a lattice.
Lemma 3.1. Let A, B be abelian categories. Let F : A → B be an exact functor. For each A ∈ A, the map F A : Sub(A) → Sub(F A), induced by sending a monomorphism i : X ֒→ A to F i : F X ֒→ F A, is welldefined, order preserving and preserves both meet and join. Moreover, F is faithful if and only if F A is an embedding for all A ∈ A.
Proof. Since F is exact it preserves pullbacks and pushouts, hence F A preserves meets and joins.
If F is faithful and i : X → A, j : Y → A are comparable subobjects -say there is a monomorphism g : X → Y with i = jgbut F i = F j, then F must annihilate the cokernel of g so, since F is faithful, that cokernel is 0, hence these subobjects already are equal.
The converse is clear since, F being exact, in order to check that F is faithful it is enough to show that if F A = 0 then A = 0.
We recall that the (skeletally small abelian) category of finitely presented functors on finitely presented modules, (mod-R, Ab)
fp which for short we denote fun-R, is equivalent, see [11, 10.2.30] , to the category, L eq+ R , of pp-sorts on R-modules; we will use both notations, depending on context. To any interpretation functor I : Mod-R → Mod-S we associate the functor I 0 : fun-S → fun-R which is given on objects by sending B ∈ fun-S to the composition BI and by sending a natural transformation τ : B 1 → B 2 to the natural transformation whose component at M ∈ mod-R is given by τ IM ; see [12, Chpt. 13] (or [11, Chpt. 18 ]) for more detail, including the facts that this is exact and that all exact functors from fun-S to fun-R arise in this way. Proof. This follows from the correspondence between definable subcategories of Mod-S and Serre subcategories of (that is, kernels of exact functors from) fun-S, see [11, 12.4.1] . Since I 0 is exact, it is faithful if and only if for all non-zero G ∈ fun-S, I 0 G = 0. This is true if and only if for all G ∈ fun-S, there exists an M ∈ Mod-R such that GIM = 0. So I 0 is faithful if and only if for every proper definable subcategory D of Mod-S, there exists an M ∈ Mod-R with IM / ∈ D.
Now suppose that ψ ≤ ϕ is a pp-pair for R-modules. Then (see the comments at the beginning of Section 2) the subobject lattice of the corresponding object ϕ/ψ in L eq+ R (≃ fun-R) is naturally isomorphic to the interval, [ If S is a finite-dimensional algebra then for every proper definable subcategory D there is a finite-dimensional S-module N such that N / ∈ D (because the set of finite-dimensional indecomposables is dense in the Ziegler spectrum of S, see [11, 5.3 .36]). So the above lemma implies that the definable subcategory generated by the image of (B R , −) : Mod-R → Mod-S is the whole of Mod-S (in the finitely controlled case, this will also follow from 4.3). 
This gave us another route to 2.1 (at least for finite-dimensional algebras). In fact, as we now show, the explicit construction of a lattice homomorphism β from pp 1 S to pp n R in Section 2 is essentially the same as the lattice homomorphism defined above by the interpretation functor ( S B R , −) : Mod-R → Mod-S.
First note that both constructions are dependent upon picking an ntuple t generating B R . This is clear in Section 2. In this section, such a choice is implicit in the proof of 3.5, where we identify Hom R ( S B R , −) composed with the forgetful functor from Mod-S to Ab with a pppair. Indeed, if t generates B R then this induces an embedding (t, −) : Hom R (B, −) → Hom R (R n , −), the image of which, as a subfunctor of Hom R (R n , −), is given by a (quantifier-free) pp formula ψ which generates the pp-type of t in B R . Now let (C, c) be a free realisation of ϕ ∈ pp 1 S . So im(c, −) = F ϕ ⊆ (S, −). Set I = Hom R ( S B R , −); since I 0 : fun-S → fun-R is exact, I 0 sends im(c, −) to the image of I 0 (c, −). Using the Hom-tensor adjunction, we have that I 0 applied to Hom S (C, −) is Hom R (C ⊗ S B R , −) and, moreover that
That is, in terms of formulas, ϕ is sent to a generator, i.e. βϕ, of the pp-type of c ⊗ t in C ⊗ S B R .
Controlled wild algebras
Let S be a k-algebra, not necessarily finite-dimensional. Denote by fin-S the category of finite-dimensional right S-modules. Let R be a finite-dimensional k-algebra. A faithful exact functor F : fin-S → fin-R is a controlled representation embedding if there exists a full subcategory C of fin-R, closed under direct sums and direct summands, such that, for all M, N ∈ fin-S,
where Hom R (F M, F N ) C denotes the set of morphisms from F M to F N which factor through some C ∈ C. We say that F is controlled by C, or C-controlled. We say that F is finitely controlled if it is controlled by add(C) for some C ∈ fin-R. That a controlled representation embedding F : fin-S → fin-R, where R is a finite-dimensional algebra, is a representation embedding can be extracted directly from the proof of [3, Proposition 2.2]. We say that a finite-dimensional k-algebra R is (finitely) controlled wild if there is a (finitely) controlled representation embedding F : fin-k X, Y → fin-R.
Remark 4.1. We recall a simplification from [8] . If S B R is a bimodule such that S B is a finitely generated projective generator of Mod-S then the functor F = (− ⊗ S B R ) : Mod-S → Mod-R can be factored as a Morita equivalence followed by restriction of scalars. Namely, let T = End( S B); so the right action of R on B induces a homomorphism λ : R → T and F = GH where H = (− ⊗ S B T ) : Mod-S → Mod-T is the Morita equivalence and G : Mod-T → Mod-R is the restriction of scalars map induced by λ. It is immediate that G is a representation embedding iff F is. Also, if F is controlled by C then so is G, since H induces an equivalence between fin-S and fin-T .
Therefore we may assume that B is S S R and the functor F is just restriction of scalars from S to a subring R, in which case the first formula above becomes:
for all M, N ∈ fin-S. Indeed, provided M is finite-dimensional, this is true for any N ∈ Mod-S (use that any morphism from M factors through a finite-dimensional submodule of N ). In particular it holds for M = S. Lemma 4.2. Let R be a finite-dimensional k-algebra. Suppose M, C ∈ mod-R. There exists n ∈ N and ∆ ∈ Hom R (M, C n ) such that any morphism from M to add(C) factors initially through ∆. That is, ∆ is an add(C)-preenvelope of M .
Proof. Since Hom R (M, C) is finite-dimensional there are f 1 , ..., f n which span Hom R (M, C) as a k-vector space. Let ∆ : M → C n be given coordinatewise by (the transpose of) (f 1 , ..., f n ). It will be enough to consider morphisms from M to powers of C. Suppose g :
Define the map h : C m → C n to be that given by the matrix (λ ij ) ij . Then h∆ = g, as required.
Theorem 4.3. Suppose S, R are finite-dimensional k-algebras and F : mod-S → mod-R is a finitely controlled representation embedding, controlled by C ⊆ mod-R. Then there is an interpretation functor
More generally, we have this for a C-controlled representation embedding, − ⊗ S B R , provided B R has a C-preenvelope in mod-R.
Proof. It is the model-theoretic definition of interpretation functor that we will use. So, to define I, we have to find a pair ϕ > ψ of pp formulas -then given an R-module N the quotient ϕ(N )/ψ(N ) will be the underlying group of IN -and, for each element s ∈ S, we have to show that multiplication by s on that underlying group can be defined by a pp formula. We use that fact (see [11, 10.2.30] ) that (the functors defined by) pp-pairs are exactly the finitely presented functors on finitely presented modules, with the actual pp formulas being the subfunctors of powers of the forgetful functor.
First note that it is enough to consider the case where F is restriction of scalars from a ring S to a subring R: use 4.1 combined with the easily checked facts that Morita equivalences are interpretation functors (originally from [6, 1.1]), as is the inclusion of Mod-R ′ into Mod-R whenever R → R ′ is a surjection of rings. Next, for every R-module N , if s ∈ S and f : S R → N factors through C then so does f · s where f · s means left multiplication by s on S followed by f -the right S-module structure on Hom R (S, N ). Thus the vector space decomposition
is a decomposition into right S-modules. And, in the case that N = F M is the reduction of an S-module, the first factor is isomorphic to M . Also, if g : N → M is a morphism of R-modules then the induced map Hom R (S, g) : Hom R (S, N ) → Hom R (S, M ), which is given by postcomposition with g, is a morphism of right S-modules and carries Hom R (S, N ) C to Hom R (S, M ) C . So Hom R (S, −) C is a subfunctor of Hom R (S, −) : Mod-R → Mod-S.
Let C ∈ mod-R be such that C = add(C). Since S R is finitedimensional, by Lemma 4.2, there exists ∆ : S R → C n such that for all f : S R → N which factor through C, there is h : C n → N such that f = h∆. Thus the image of (∆, −) : Hom R (C n , −) → Hom R (S, −) is exactly Hom R (S, −) C . The latter, therefore, is a finitely presented functor (precisely, the unique extension of a finitely presented functor on mod-R to one on Mod-R which commutes with direct limits) hence, [11, 10.2 .43], is pp-definable. Therefore, the quotient, Hom R (S, −)/Hom R (S, −) C also is finitely presented, equivalently is given by a pp-pair. Furthermore, each action of an element of S on this quotient is, as we have just seen, an endomorphism in the functor category, hence [11, Theorem 10.2.30 ] is pp-definable (a 'definable scalar' on the sort Hom R (S, −)/Hom R (S, −) C ). Thus we have an interpretation functor I = Hom R (S, −)/Hom R (S, −) C : Mod-R → Mod-S.
If we apply I to the R-reduction of an S-module M then we have,
, which is what we want.
Thus we have shown that if M is an S-module then its image N = F M under F still contains a copy of M in the model-theoretic structure N eq+ which is N expanded by all the pp-definable sorts and pp-definable functions between these sorts (see [4] or [11, Appx. B2] for a definition of that structure). That is, applying the interpretation functor has hidden the original module but not lost it.
By [3, Lemma 2.4], a finitely controlled wild finite-dimensional algebra R has a finitely controlled representation embedding from the modules over any strictly wild finite-dimensional algebra. So we deduce that, in this case, Mod-R interprets the module category over any strictly wild finite-dimensional algebra.
Corollary 4.4. Let R be a finitely controlled wild finite-dimensional k-algebra. For every strictly wild finite-dimensional k-algebra S, there is an interpretation functor I : Mod-R → Mod-S whose image is the whole of Mod-S.
Recall that F = (− ⊗ S B R ) is said to be a strict representation embedding if it is a full representation embedding, equivalently, if the induced R → End( S B) is a ring epimorphism; in this case, the image of F is a definable subcategory of Mod-R ( [11, 5.5.4 ]) equivalent to Mod-S. It follows easily (e.g. use results in [14, §XIX.1] that if R is a strictly wild finite-dimensional algebra then, for every finitely generated algebra T , there is a definable subcategory of Mod-R equivalent to Mod-T .
For finitely controlled wild algebras, the category of modules "definably contains" the category of modules over any finitely generated algebra in the following weaker sense. Corollary 4.5. Let R be a finitely controlled wild finite-dimensional k-algebra. Then, for every finitely generated k-algebra S, there is an interpretation functor from some definable subcategory C of Mod-R to Mod-S whose image is the whole of Mod-S.
Proof. Let T be a strictly wild finite-dimensional algebra. Then, as observed above, there is a definable subcategory D of Mod-T which is equivalent to Mod-S. There is also a finitely-controlled representation embedding from mod-T to mod-R so, by 4.3 there is an interpretation functor I : Mod-R → Mod-T whose image is the whole of Mod-T . By [12, 13.3] , I
−1 D is a definable subcategory of Mod-R and the restriction of I to this definable subcategory is as required.
In particular we can take S = k X, Y . Corollary 4.6. Let R be a finitely controlled wild finite-dimensional k-algebra. Then there is an interpretation functor from a definable subcategory D of Mod-R to Mod-k X, Y whose image is all of Mod-k X, Y .
Corollary 4.7. Let k be a countable recursively given field and R a finitely controlled wild k-algebra. Then the theory of Mod-R is undecidable.
Proof. The algebra S = k • ( ( / / 6 6 • is finite-dimensional and has undecidable theory of modules (see [7, 17.3] for a proof and references). So there can be no decision procedure for determining, given a sentence σ in the theory of S-modules, whether there is an S-module which satisfies σ. There is a finitely controlled representation embedding of Smodules into R-modules, so let I be as in 4.3, giving an interpretation of S-modules in R-modules. Then, using I, there is a sentence σ ′ in the language of R-modules such that an R-module N satisfies σ ′ iff IN satisfies σ. Therefore there can be no decision procedure for determining, given a sentence in the language of R-modules, whether there is an R-module satisfying that sentence, as required.
Examples of finitely controlled wild algebras include, at least in the case that k is algebraically closed, all local wild k-algebras and wild k-algebras with square zero radical ([3, Proposition p. 290, Theorem p. 291]), so the conclusions above apply for all these. We would like to extend the conclusions to all wild algebras; so far as we are aware, there are, currently, no known wild algebras which are not (even finitely) controlled wild.
Remark 4.8. The question arises, in 4.6 above, whether there is a representation embedding as there with the domain being all of Mod-R. We show that, in fact, the domain must be a proper definable subcategory: if R is a finite-dimensional algebra then there is no interpretation functor from Mod-R to Mod-K X, Y with the definable subcategory generated by the image being all of Mod-K X, Y .
For, suppose F : Mod-R → Mod-K X, Y were such. Let M be an indecomposable pure-injective K X, Y -module. Since the image of F generates all of the module category, there is a pure-injective Rmodule N such that M is a direct summand of F N (e.g. [13, 3.8 
]).
Since R is an artin algebra, N may be taken to be a direct product of finite-dimensional modules. Since F is defined on all R-modules and preserves direct products, it follows that M is a direct summand of a direct product of finite-dimensional K X, Y -modules (note that F , being a subquotient of some finite power of the forgetful functor, preserves finite-dimensionality).
We apply this with M being the injective hull of K X, Y (as a K X, Y -module). This is a (pure-)injective module, so is a direct summand of, say, λ A λ with each A λ finite-dimensional. We derive a contradiction from this. Since K X, Y is hereditary, every image of an injective is injective. Choose λ such that the projection of M to A λ is nonzero -then the image is a nonzero finite-dimensional injective K X, Y -module. But there are no such modules for, if A is a finitedimensional injective K X, Y -module then, being finite-dimensional, its dual A * = Hom K (A, K) is the dual of (A * ) * ≃ A, so A * is flat, hence projective, hence must be 0.
